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Suppose E is the set of extreme points of a compact metrizable set. A conse- 
quence of various well-known selection theorems is that if r is a continuous afiine 
map from E onto a metric space F, then there exists a Borel-measurable selection 
for r. In this paper, we give a purely functional analytic proof of this fact. For 
general metric spaces E such selections do not always exist, and the technical 
arguments, which have seemed to be necessary in each special case, are quite 
delicate. The spaces encountered in functional analysis are frequently 
homeomorphic to the set of extreme points of a compact set, so that our theorem 
gives a more universally applicable result for functional analysts. Many of the 
selection theorems needed in unitary representation theory are shown to be 
consequences of the general result in this paper. i- 1990 Academic Press. Inc. 
1 
Introduction. Suppose r is a Borel-measurable map of a topological 
space E onto a topological space F; i.e., r ~ ‘( Cr) is a Bore1 subset of E 
whenever U is an open (Borel) subset of F. Under certain hypotheses there 
exists a Borel-measurable map s from F into E for which r(s(y)) = J for all 
)’ E F. In this case, we say that s is a Bore1 Selection for r. A Borel- 
measurable map s is called a Borel Zsomorphism if it is l-l and its inverse 
map is Borel-measurable. Every Bore1 selection is a Bore1 isomorphism of 
F onto the subset s(F) of E, when equipped with the relative Bore1 
structure. However, the range s(F) of a Bore1 selection need not in general 
be a Bore1 subset of E. 
That some hypotheses are necessary for a Bore1 selection to exist, even 
if r is continuous, has been known since 1931 [N]. As a consequence of the 
* The author thanks the Mathematical Sciences Research Institute in Berkeley for the kind 
invitation to spend a month there in residence, during which time many of the ideas in this 
paper were developed. 
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example given there, we know, for example, that there exists a continuous 
l-l map r of a subset E of [w’ onto a subset F of [w2 whose inverse function 
is not a Bore1 measurable map. 
The hypotheses that ensure the existence of Bore1 selections vary from 
situation to situation, and the proofs of existence, even under these special 
conditions, are often quite technical and lengthy. The functional analyst 
has need of Bore1 selections in various contexts, and no one selection 
theorem has seemed to cover all, or even most, of the situations. This paper 
contains a selection theorem (Theorem 2.5) which, together with its 
immediate consequences, should s&ice for most needs within functional 
analysis. Neither this selection theorem nor its consequences are new (see 
[SRI), but our proof is different in that it is a functional analytic argu- 
ment. One consequence of this theorem is the following (see Theorems 2.6 
and 2.7). If E is the set of nonzero extreme points of a metrizable compact 
subset C of a locally convex topological vector space F, and if r: E -+ F is 
the restriction to E of a continuous affme (or multi-affine) map of V into 
a locally convex topological vector space W, then there exists a Bore1 
selection .s for r. 
The applications of selection theorems in functional analysis frequently 
fall under the hypotheses of the theorem just cited. For example, every 
locally compact, separable metric space E falls into this category, as does 
the unitary group U(H) on a separable Hilbert space H. (See Theorem 3.1 
below.) In Section 3, we also derive, from our general selection result, 
many of the standard selection theorems needed in unitary representation 
theory, including the well-known, and relatively deep, fact that there is a 
Bore1 selection from the dual space A of a separable type I C*-algebra A 
into the set of indecomposable positive linear functionals on A. (See 
Theorem 3.6.) Most of the applications, perhaps all, in Section 3 are conse- 
quences of known selection theorems, e.g., the Bore1 Cross-Section theorem 
in [K&M]. However, our goal here is to deduce these applications of 
selection theorems in functional analysis from a purely functional analytic 
argument. 
Ordinarily, Bore1 selection theorems are regarded as being a part of the 
theory of Polish spaces (complete separable metric spaces). See [E, D2, K, 
KM, V]. Though very beautiful and deep, this subject is considered by 
many to be difficult and subtle. So much so, that many analysts do not 
“learn” selection theory. Our argument for Theorem 2.5, by contrast, only 
uses a little general topology and some elementary functional analysis. In 
a way, this work is a generalization of the functional analytic approach 
taken in [BR] toward selection theorems. While the results there work well 
for compact or a-compact E, the current theorem, like Saint-Raymond’s, 
applies to a more general class of Polish spaces, namely, to spaces which 
are the extreme points of compact sets. 
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If K is a compact metric space, let A(K) denote the set of all closed 
subsets A E K. We give to A(K) the so-called compact-open topology, a 
subbase for which consists of subsets 0 of A(K) having one of the following 
two forms: 
(1) O,.={A~A(K):AnU#~},for Uanopensubset ofK. 
(2) O,= (A E A(K): A n C= a}, for C a compact subset of K. 
The topological space A(K) is compact and metrizable, and this topology 
coincides with the one generated on A(K) by the Hausdorff metric. Our 
first two lemmas deal with this space. 
2.1. LEMMA. Let R be a continuous map of a compact metric space K 
onto a compact metric space L, and define Z: L + A(K) by Z(y) = R-‘(y). 
Then Z is a Bore1 measurable map. 
Proof: If C is a compact subset of K, and if B is the set of all )’ E L for 
which Z(y) n C # 0, then B is a closed subset of L. Then since each open 
subset U of K is a countable union of closed (compact) sets, it follows that 
ZP ‘( O,,) is a countable union of closed subsets of L, whence is a Bore1 F, 
set. Also, it follows that Z-‘(0,) is open in L, whence is a Bore1 set, 
proving the lemma. 
Remark. Of course, the function Z in the preceding lemma is actually 
upper semi-continuous, but we do not need this strengthened version. 
2.2. LEMMA. Let .I? be a continuous real-valued function on a compact 
metric space K, and define a function M on A(K) by M(A)=supzG,.C(a). 
Then M is a continuous function on A(K). 
Proof For A to belong to M-‘(a, b), it is necessary and sufficient hat 
An-t-‘(cr, co)#@ and that AnC’[b, a)=@, showing that M-‘(a, 6) 
is open in A(K), as desired. 
The next two lemmas form the functional analytic basis for our main 
selection theorem. 
2.3. LEMMA. Let X be a normed linear space, let Y be a closed subspace 
of X having codimension 1, and let R denote the restriction map of X* onto 
Y*. Let K be a compact, metrizable (in the weak* topology) subset of X*, 
and write L = R(K). Then there exists a map S from L into K such that 
(1) R(S(4)) =q5 for all q5~ L; i.e., S(d) is an extension of qi 
(2) S(d) is an extreme point of the compact set R-‘(d). 
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(3) If q5 is an extreme point of L, then S(4) is an extreme point of K. 
(4) The range S(L) qf S is a Bore1 subset of K, and S is a Bore1 
isomorphism of L onto S(L). 
ProoJ Define Z: L + A(K) by Z(b) = RP’(4). Then, by Lemma 2.1, Z 
is a Bore1 map of L into A(K). Let s be an element of X which is not in 
Y, and denote by ,? the function on X* defined by .f($) = Il/(.u). Then 4 is 
a continuous real-valued function on X* in its weak* topology. Now the 
map A4, defined on A(K) by M(A) = sup,, .4 .f(a) is a continuous map of 
A(K) into R by Lemma 2.2. Therefore, the map q3 -+ b, = M(Z(q4)) is a 
real-valued Bore1 function on L. 
Let h be the function on K defined by h(tj) = (R($), .t($)). Then k is 1-l 
and continuous, hence is a homeomorphism of K onto a compact subset K’ 
of L x R. The subset G of K’, consisting of the pairs (4, b,), for C$ E L. is a 
Bore1 subset of K’, since it is the graph of a Bore1 function, and the map 
q5 -+ (4, b,) is a Bore1 isomorphism of L onto G. Define S(d) = h ~ ‘( 4, b,). 
Then S(4) belongs to K and is an extension of q3. That is, R( S(4)) = q5 for 
all 4 E L. Since h -’ is a homeomorphism and G is a Bore1 subset of K’, we 
see that the range of S is a Bore1 subset of K, and S is a Bore1 isomorphism 
of L onto S( L ). 
If S(b)=(l-t)$,+t$,, where $,,I++~ER~‘($)=Z(~~) and O<t<l, 
then R(II/,) and R($2) are both q5. But then f(tj,)<b, and .f(G2)<b,, 
which implies that b, = .f($,) = .f($& or that h($,) = h(tjz), whence 
11/i = I,+~, showing that S(4) is an extreme point of R-‘(b). 
Finally, if 4 is an extreme point of L, and S(b) = ( 1 - t)$, + tll/? for 
$, , er E K and 0 < t < 1, then $, and ti2 must both be extensions of 4, so 
that the preceding argument can be used to deduce that $, = $? = S(d), 
and S(d) is an extreme point of K, as desired. 
2.4. LEMMA. Let X be a separable normed linear space, let Y be a closed 
subspace of X, and let R denote the restriction map of X* onto Y*. Let K 
be a compact subset of A’* in its \veak* topology, and brrite L = R(K). Then 
there e.uists a map S: L + K such that 
( 1) R(S(d)) = 4 for all q5 E L; i.e., S(b) is an extension of qi 
(2) S(d) is an e.utreme point of the compact set R-‘(d). 
(3) If q5 is an extreme point qf L, then S(d) is an extreme point of K. 
(4) The range of S is a Bore1 subset of K, and S is a Bore1 
isomorphism of’L onto S(L). 
Proof: We may choose an increasing sequence Y = Y, c Y, c .. of 
closed subspaces of X, so that Y, is of codimension I in Yj+, and so that 
U Y, is dense in X. Let pi be the restriction map from X* onto Y,*, and 
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write Ki= p,(K). Write Ri for the restriction map of Yl*, , onto Y,?. 
For each i, let S;: Ki + Ki + 1 be a map as guaranteed by Lemma 2.3 for 
which Ri(Si(0))=O for every f9~K,. For each i, let Lit K,, , = 
SiC~Sj-,C . . . 0 S,(L). Then Li is a Bore1 subset of K, + , , and we write P, = 
pi-t’, (Li). Then each P, is a Bore1 subset of K, and we let P = n Pi. 
For each 4 E L, the sets (pl;‘, (S; 0 . . . : S,(b))} form a nested sequence of 
closed subsets of K. Because any two elements of the nonempty intersection 
of these sets must agree on each subspace Y,, the intersection of these sets 
must be a singleton which we denote by S(d). Clearly S is a map of L into 
K which satisfies R(S(q4)) = 4 f or all 4 E L. Also, the range of S is the Bore1 
set P. To show that S is a Bore1 isomorphism, it will suffice then to show 
that S is a Bore1 function from L into K. But the weak* topology on the 
compact set K is precisely the one that makes all the functions $ + II/(!,) 
continuous for J-E U Y,. For any such ~9 in Yi, we have 
which is a Bore1 function of 4 by Lemma 2.3. Hence, S is a Bore1 
isomorphism of L onto the Bore1 set S(L). 
If S(4)=(1-t)‘h,+rll/,, for $,,$2~R-‘(&) and O<t<l, then it 
follows from Lemma 2.3 that $, agrees with e2 on each subspace Y,. 
Therefore, $1 =$2=S(d)r and S(d) is an extreme point of R-‘(I$). If 4 is 
an extreme point of L, then S(d) must be an extreme point of K, because 
each pj(S(e5)) is an extreme point of Ki for all i. 
Remark. The main functional analytic result of [BR] is a theorem 
similar to Lemma 2.4. In that reference, the compact set K was restricted 
to be the closed unit ball in X*. 
DEFINITION. Let V be a topological vector space. A subset EC V is 
called an extreme subset of V if it is precisely the set of extreme points of 
a compact metrizable subset C of V. An extreme subset E of V is 
necessarily a Bore1 set, in fact a Cd;, in V. 
We present next our main result. All the selection theorems in this paper 
are essentially applications of this one. 
2.5. THEOREM. Suppose r is a Bore1 map of a topological space E onto a 
topological space F, and assume that : 
( 1) There exists a linear space X of bounded Bore1 functions on E, 
separable in the untform norm, such that the map I, which sends a point x E E 
to the point mass linear functional 6, on X, is a Bore1 isomorphism of E onto 
the (necessarily Borel) set of nonzero points of an extreme subset of X* in 
its weak* topology. 
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(2) There exists a linear space Z of bounded Bore1 functions on F such 
that g 0 r E X whenever g E Z and such that the map J, which sends the point 
ye F to the point mass linear functional 6,. on Z, is a 1-1 Bore1 map of F 
into an extreme subset qf Z* in its weak* topology. 
Then there exists a Bore1 selection s for r. Furthermore, if the range of the 
map J is a Bore1 subset of Z*, then s can be chosen so that its range is a 
Bore1 subset of E. 
Proof Let Y be the closure in X of the set of functions go r for ge Z. 
We let K denote the closure in X* in its weak* topology of the range of 
Z, i.e., the set of all 6,‘s, and we let L’ be the compact subset of Y*, in its 
weak* topology, consisting of the restrictions to Y of the elements of K. 
For each YE F, let J’(y) be the element of Y* determined by the 
functional J(y) in Z*, i.e., by [J’(y)](gcr)= [J(y)](g)=g(y), for gEZ. 
Because Z* and Y* are isometrically isometric, thought of as conjugate 
spaces of the normed linear spaces Y and Z, the map J’ is l-l and Bore1 
from F into Y* in its weak* topology. Because [J’(y)](g; r) = g(y) = 
g(r(x)) =go r(x) for some s E E, we see that J’(y) E L’. It follows, too, that 
L’ is the closure in Y* of the J’(y)‘s and that each J’(y) is an extreme 
point of L’. By Lemma 2.4, there exists a Bore1 map S of L’ into K which 
sends every extreme point of L’ to an extreme point of K. 
Define s: F + E by s = I ~ ’ : S : J’. Clearly s is a Bore1 map of F into E, 
and we must verify that r(s(y)) 5 y. But 
(g(rLG)))) = s~r(Qdi~)) 
= k?.,(g~r) 
= CMg))l(g; r) 
= CS(J’(y))l(g~r) 
= [J’ip)l(ggr) 
= g(Y) 
for every g E Z, showing that r(s( y)) = 4’. Hence, the Bore1 map r is the 
inverse of s on the subset s(F) of E, whence s is a Bore1 selection for r. 
Finally, if the range of the map J is a Bore1 subset of Z*, then the range 
of the map J’ is a Bore1 subset of L’, hence so is the range of s. 
COROLLARY (Federer-Morse Theorem [FM]). If E is a locally 
compact, separable, metric space, and tf r is a continuous function from E 
onto a locally compact metric space F, then there exists a Bore1 selections for 
r. In fact, s can be chosen to be a Bore1 isomorphism of F onto the Bore1 
subset s(F) of E, 
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Proof Let X= C,(E). Let K be the compact set of all positive linear 
functionals of norm < 1 on X. Then the set of extreme points of K is an 
extreme set, and the map I sending x -+ 6, is a homeomorphism of E onto 
the set of nonzero points of this extreme set. 
Let’Z= C,(F). Then the map J sending y + 6,. is a homeomorphism of 
F onto a Bore1 subset (a-compact) of the set of extreme points of the set 
L of all positive linear functionals on Z of norm < 1. The theorem now 
applies. 
2.6. THEOREM. Suppose a topological space E is Bore1 isomorphic by h to 
an extreme set in a locally convex topological vector space V, and suppose 
the topological space F is Bore1 isomorphic by k to a subset of an extreme 
set in a locally convex topological vector space W. Let r: E + F be a Bore1 
map such that the map ko r 0 hh’ is the restriction to h(E) of a continuous 
affine map of V into W, Then there exists a Bore1 selection s: F + E for r. 
Moreover, if k(F) is a Bore1 subset of W, then s(F) is a Bore1 subset of E. 
Proof Let X be the linear space of functions on E of the form f 0 h, for 
f a continuous real-valued afhne function on V. The map Z, which sends 
x E E to the point mass functional 6, on X, is a Bore1 isomorphism of E 
onto the (necessarily nonzero) extreme points of the compact set K = I(E). 
(K is aftinely homeomorphic to C = h(E).) 
Let 2 be the linear space of all functions on F of the form go K, where 
g is a continuous linear functional on W. The map, J sending J E F to the 
point mass functional 6,. on Z is l-l and Bore1 from F into an extreme 
subset of Z* in its weak* topology. This theorem now follows from 
Theorem 2.5. 
DEFINITION. Let VI,..., V, be vector spaces, and write V= n Vi. Let W 
be a vector space and let f be a map from V into W. The map f is called 
multi-aSfine if it is an afline map in each of its n variables when the 
remaining n - 1 variables are held fixed. 
The final theorem of this section is a natural generalization of the 
preceding one. We omit the proof. 
2.7. THEOREM. Suppose V,, . . . . V, are locally convex topological vector 
spaces, and for each i let Ei be an extreme subset of Vi. Suppose E is a 
topological space that is Bore1 isomorphic by h to n Ei. Suppose F is a 
topological space that is Bore1 isomorphic by k to a subset of an extreme sub- 
set of a locally convex topological vector space W. Let r : E + F be a Bore1 
map such that the map ko r c hh’ is the restriction to n Ei of a continuous 
multi-affine map of n Vi into W. Then there exists a Bore1 selection s: F+ E 
for r. Moreover, tf k(F) is a Bore1 subset of W, then s(F) is a Bore1 subset 
of E. 
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3 
As applications of the selection theorems above, we offer the following 
results from unitary representation theory. Except for Theorems 3.1 and 
3.7, which we have not seen in print, these results have been deduced pre- 
viously from Bore1 selection theorems like those in [D2, K&M, KM, SR] 
and are standard facts in representation theory. The point here is that all 
of these results follow from our functional analytic selection theorems 
rather than by an appeal to those from Polish topology. All Hilbert spaces 
are assumed to be separable. As a preliminary result, we have: 
3.1. THEOREM. Let H be a Hilbert space, let B(H) denote the topological 
uector space of all bounded operators on H equipped bcith the bveak operator 
topology, and let U(H) be the set of all unitar!? operators on H. Then U(H) 
is an extreme subset of B(H). 
Proof It is well known that the unit ball B, in B(H) is compact and 
metrizable in the weak operator topology. Let us show that U(H) coincides 
with the set of extreme points of B,. Suppose TE B, is an extreme point of 
B,, and write T in its polar decomposition as T= PU, for P a positive 
operator and U a partial isometry. Write 
P=lOx /:dE,=j-;AdE,=j 
[O.fl 
ldEi+j /IdE,=P,+Pz, 
Cl.11 
where P,=j,,,,idE, and Pz=jc ,,,, 1 dE,,. If there exists a 0 < t < 1 such 
that P, # 0 and P2 # 0, then 
P=t(P,Jt+P,)+(l-t)P,, 
whence T is a proper convex combination of distinct elements of B, . There- 
fore, the spectrum of P consists at most of the two points 0 and 1, whence 
P is a projection. If P does not map onto all of H, let Q be the projection 
onto the orthogonal complement of the range of P. Then 
is a proper convex combination of elements of B,. Therefore, P = I, and T 
is a partial isometry. Since T* must also be an extreme point of B,, we 
have that T* also is a partial isometry. But this implies that T is unitary, 
i.e., in U(H). 
We must now show that each UE U(H) is an extreme point of B,. 
Supposethenthat U=(l-t)A+tB,forO<t<l andA,BEB,.Forany 
u E H we have 11 U(u)11 = Iltlll, whence 
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1141 <(I -t)211A*A(u)ll +t(l -t)lJ(B*A +A*B)(u)IJ +t2IIB*B(u)ll, 
implying that 
IIA*atl)ll = Il4l, IIB*B(~~)ll = Il~ll, 
and 
II(B*A + A*B)(u)(l = 2114. 
Therefore, A*A and B*B are positive isometries, whence both A and B are 
unitary. Also, the selfadjoint operator (B*A + A*B)/2 is an isometry, 
whence B*A+A*L3=21. But then 2%(A(u),B(u))=llul12 for all u~H, 
which can only happen if A = B. This shows that U is an extreme point 
of B,. Q.E.D. 
3.2. THEOREM. There exists a Bore1 map s of U(H) into U(H) such that 
(s(U))” = U; i.e., s(U) is an n th root of U. Furthermore, s can be chosen so 
that its range is a Bore1 subset of U(H). 
Proof: It follows from the Spectral Theorem that every unitary 
operator is the n th power of some other unitary operator, i.e., that the map 
U + U” is onto U(H). 
Define C= I-I; B,, and E to be ny U(H). Define r: E + E by 
4 u,, . . . . Url) = (U,, u2 u:, . . . . u, u,*_ 1). 
Then r is the restriction to E of a continuous multi-afline map of nl B(H) 
into itself, and the set F = r(E) = n; U(H) = E is an extreme subset of 
n; B(H). Theorem 2.7 then guarantees the existence of a Bore1 
isomorphism s, from E onto the Bore1 subset s,(E) of E. Restricting s1 to 
the Bore1 subset of E consisting of the n-tuples (V,, . . . . V,) E E for which 
Vi = Z for i 2 2, gives the desired Bore1 n th root function s. 
3.3. THEOREM. Let K be a compact subgroup of the topological group 
U(H), and let 71 denote the natural map of U(H) onto the coset space 
X = U(H)/K. Then there exists a Bore1 isomorphism s of X into U(H), whose 
range is a Bore1 subset of U(H), which is a selection for 7~. 
Proof: If x = UKE X, set k(x) equal to the probability measure on the 
compact space B,, in its weak* topology, defined by 
j- 
BI 
f &W))=f (lK (cry) 4). 
580 912.15 
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where f is a continuous function on B, and dy denotes the Haar measure 
on K. (Because K is compact, the integral SK (UY) dY converges in the 
norm topology of B(H) to an element of B,.) 
It is clear that k 0 rc is the restriction to U(H) of a continuous afftne map 
of B(H) into the topological vector space of finite Bore1 measures on 
the compact space B,. Therefore, this theorem is a consequence of 
Theorem 2.6. 
COROLLARY. There exists a Bore1 isomorphism from the Projective 
Unitary Group P(H) = U( H)/T into U(H), whose range is a Bore1 subset of 
U(H), which is a selection for the quotient map TC of U(H) onto P(H). 
3.4. THEOREM. Let N be a closed normal subgroup of a second countable, 
locally compact group G, and let L be an irreducible unitary representation 
of N, acting in a Hilbert space H,, for which the representation n + Lgng-l 
is unitarily equivalent to L for all gE G. Then there exists a Bore1 map 
g -+ U, of G into U( HL) for which 
for every n E N and g E G. Moreover, the range of the map g -+ U, is a Bore1 
subset of U(H,). 
Proof Denote by M(G) the real topological vector space of finite Bore1 
measures on G. Let E be the subset of B( HL) x M(G) consisting of the pairs 
( CJ, 6,) for which UL, U ’ = L,,-I for all n E N, and let C = I!?. Then C 
consists of E together with certain pairs ( T, 0) for T E B, . 
Let X be the set of all continuous real-valued functions on B( HL) x 
M(G) that are afine in the first variable and linear in the second variable. 
Then the map I sending x E E to 6 ~ in X* is a homeomorphism of E into 
X* in its weak* topology, and Z(E) = Z(E) u {O}. It follows that each 
element Z(x) is an extreme point of Z(E), implying that Z(E) is the set of 
nonzero points in an extreme subset of X*. 
Denote by F the set of all point mass measures 6, in M(G), and let Z 
be the set of all restrictions to F of the continuous (in the weak* topology) 
linear functionals on M(G). If r: E -+ F is defined by r( CJ, 8,) = a,, then 
f o r E X whenever f E Z. Now this theorem follows from Theorem 2.5. 
A somewhat more sophisticated use of Theorem 2.5 provides the Bore1 
selection needed to show that *-representations of separable, type I 
C*-algebras can be realized as direct integrals over their dual spaces. 
Let A be a C*-algebra, let C denote the weak* compact set of all 
positive linear functionals on A of norm < 1, and let E be the set of non- 
zero extreme points of C. If x E A, let .t denote the function on C defined 
by a($) = ccl(x). Denote by S, the set of all selfadjoint elements of A, and 
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by X0 the space of functions on E that are restrictions to E of the functions 
,i for XES,. Suppose A has no identity element and write Al for the 
C*-algebra obtained from A by adjoining a unit. For each 
x,=x+,I.IEA~, Let XT be the function on Edetined byx:(d)=i(d)+A. 
Denote by A the set of all unitary equivalence classes of nonzero 
irreducible *-representations of A. To each 4 E E there corresponds, by 
the Gelfand-Naimark-Segal construction, a nonzero irreducible 
*-representation T@ and a unit vector c4 in the space of Tm such that 
0) = (T!K”), i’? f or all x E A. We denote by I the map sending 4 E E to 
the element of A containing T”. We equip E with the relative weak* 
topology and then give to a the quotient topology determined by r. We say 
that A is of type Z if a is a TO topological space. (This is one of the many 
equivalent definitions of a type I C*-algebra.) Note that a topological space 
E is a T, space if and only if the Bore1 subsets of E separate the points of 
E, and that E is a second countable TO topological space if and only if it 
is a countably separated Bore1 space. 
We make use of the following standard C*-algebra results, most of 
whose proofs we omit, referring the reader to [Dl]. 
3.5. PROPOSITION. Let the notation be as in the preceding paragraphs. 
(1 ) The set of positive elements in SA forms a cone, and SA is, with 
respect to this cone, an ordered, real linear space. 
(2) The map x+.t is a continuous, order-preserving linear 
isomorphism of S, onto the normed linear space X0. 
(3) X0 contains the constant.function 1 zf and only if A has an identity 
element. 
(4) Zf A has no identity, the map x, -+ XT is a continuous, order- 
preserving, linear isomorphism of S,, onto the span of X0 and the constant 
function 1. 
(5) Suppose A has no identity. Zf 6 is a positive linear functional on 
SA, then there exists a unique positive linear functional 8’ on S,, that 
extends 13. 
(6) Zf 9 is a positive linear functional on X,,, then there exists a unique 
positive linear functional 6’, on the space spanned by X0 and the constant 
function 1, that extends 8. 
(7) Let M be a closed two-sided ideal in A, let C,w be the set of 
positive linear functionals on M of norm < 1, and let E, be the set of 
extreme points of C,. Then the restriction map of A* onto M* carries C 
onto C, and E onto E,. 
(8) The quotient map r of E onto A is an open map. Hence, if A is 
separable and of type Z, then A is second countable and TO. 
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Proof: Parts (1) and (3) both follow from the fact that A is isomorphic 
to the range of the direct sum representation 
Parts (5) and (7) hold because of the relationship between positive linear 
functionals and *-representations. There is clearly a unique extension 
of any *-representation of a C*-algebra to a *-representation of the 
C*-algebra obtained by adjoining a unit. Parts (2), (4), and (6) are then 
routine consequences. 
Let us show that r is an open map. Thus, if V is an open subset of E, 
let 4 be an element of U=r-‘(I( I’)). Let 4’~ V be such that r(d)=r(d’). 
Because V is open, there exist elements x,, . . . . x,, E S, and intervals 
Z I, ...I Z,clR such that W’= {GEE: y(xj)~Zj, l<j<n} is a subset of V, 
and 4’ E W’. Hence, (T$ (c”‘), [@‘) E Z, for 1 < j < n. Now, since T” is equiv- 
alent to T”‘, there exists a unit vector [’ in the space of T” for which 
(Tm,(;‘), ;‘) = (Tt’([+j, lb’) 
for all x E S,, and there exists a J E A such that [’ x Tt(c@). (Indeed, if we 
use the more sophisticated result of Kadison [KAD], we can assume 
[’ = T!(im).) We have then that 4(y*x, y) = (T$,([‘)), i”) E Z, for 1 <j < n. 
Let W be the weak* neighborhood of I$ defined by W = { y E E: 
y(y*x,y)~Z~, l<j~n}andy(y*y)z~(y*y)~l.Ify~W,andy’isdelined 
by y’(x) = y(~‘*xy)/y(y*)‘), then clearly 7’ E E, r(y) = r(y’), and y’(.x,) E Z,, 
1 G j < n. Hence, U is an open subset of E showing that r is an open map. 
3.6. THEOREM. Let the notation be as in the preceding paragraphs. 
Assume that A is separable and of type I, that is, that the topology on 2 is 
second countable and TO. Then there exists a Bore1 selection s: a + E for r. 
Proof Let {B,} be a countable base for the topological space A, and 
let U, = r-‘(B,). Let xn denote the characteristic function of B,, and let 
f, = xn 0 r denote the characteristic function of U,. 
As in the above, write S, for the ordered, real linear subspace of A 
consisting of the selfadjoint elements of A, and let X0 be the linear space 
functions on E that are restrictions to E of the functions i for x E S,. Let 
X be the linear span of X0 and the fn’s. Then X is a linear space of bounded 
Bore1 functions on E, which is separable in the uniform norm. 
Let Z be the linear span of the x,,‘s. Then Z is a linear space of bounded 
Bore1 functions on a, and g 0 r E X whenever g E Z. Further, by the assump- 
tion that 2 is a TO topological space it follows that the functions lx,,) 
separate the points of 2, whence the map J sending y to 6,. is a l-l Bore1 
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map of a into an extreme subset of Z*. (Point mass functionals are always 
extreme points of the unit ball.) 
Our theorem will follow from Theorem 2.5 once we verify that the map 
I sending 4 E E + 6, is a Bore1 isomorphism of E onto an extreme set in 
X*. We do know that the map I, sending $ E C+ 6, is an afline 
homeomorphism of C into X,*. The lemma below then completes the proof. 
LEMMA. ( 1) Zf $ E C, then there exists a unique positive linear functional 
I($) on X that extends Z,($). 
(2) The map $ + I($) is an affine homeomorphism of C into X*. 
(3) Z~~EE, then 1(4)=6,. 
(4) The map Z, sending 4 E E to 6,, is a homeomorphism of E onto an 
extreme subset of X*. 
Proof of the Lemma. The third statement follows from the first, since 6, 
is a positive linear functional on X that extends Z,(4). The second and 
fourth statements also will follow from the first, since the restriction map 
from X* to X,* is continuous and afline. 
To prove part (l), fix an n, and let X,, denote the span of X0 and f,,. It 
will suffice to show that there exists a unique positive linear functional $, 
on X, that extends Z,,($). Let M denote the set of all x E A for which 
4(x) = 0 for every 4 $ U,. Then M is a closed two-sided ideal in A (the 
intersection of the kernels of the representations T” for 4 4 U,). Write X 
for the subspace of X0 consisting of the functions X! for x E S,. Then x -+ .f 
is an order-preserving isomorphism of S, onto X’. Write XL for the span 
of x’ and f,,, and let 6 be the restriction to X’ of I,(+). It will suffice to 
show that there exists a unique positive linear functional 0’ on X; that 
extends 8. 
If M, is the C*-algebra obtained from M by adjoining a unit, then, 
using parts (4) and (7) of Proposition 3.5 above, the map Myi -+x: is an 
order-preserving linear isomorphism of S,, onto Xn. Now the lemma is a 
consequence of parts (5) and (6) of the proposition. 
The proof of Theorem 3.6 can be generalized slightly to prove the 
selection theorem that follows. We view it as an analog of Dixmier’s 
selection theorem [D2]. A special case of this result applies to the case of 
group actions. 
3.7. THEOREM. Let S be a (necessarily second countable and T,,) 
topological space that is the dual space A of a separable type I C*-algebra 
A, let R be an equivalence relation on S, and let T= SIR be the set of 
equivalence classes of R. Write q: S + Tfor the quotient map of S onto T, 
and give to T the quotient topology. Assume that T is a second countable TO 
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topological space (equivalently a countably separated Bore1 space). Then 
there exists a Bore1 selection for q. 
Proof. As in Theorem 3.6, write r for the map from E onto S = a, and 
write r’ = q 0 r. Let {B,} be a sequence of open subsets of T whose charac- 
teristic functions {x,} separate the points of T. For each n, let f, = x,, 2 r’ 
be the characteristic function of r’ - ‘(B,), and let X be the span of X0 and 
the f,,‘s. The argument proving Theorem 3.6 applies here to show that there 
exists a Bore1 selection s’ for r’, and the selection s we desire is then rcs’. 
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